Abstract. Let p, q, r, s be polynomials with integer coefficients. This paper presents a fast method, using very little temporary storage, to find all small integers (a, b, c, d) 
Introduction
Let H be a positive integer. (1) and space H 2+o (1) . It does not seem to be widely known that one can save a factor of H in space. Section 3 explains how to enumerate {(a 3 
Heaps
A heap is a sequence
The smallest element of a heap x 1 , x 2 , . . . , x n is x 1 . Given y, one can permute y, x 2 , . . . , x n into a new heap by the following algorithm. First set j ← 1. Then perform the following steps repeatedly: set k ← 2j; stop if k > n; set k ← k + 1 if k < n and x k+1 < x k ; stop if y ≤ x k ; exchange y, which is now in the jth position, with x k ; set j ← k. The total number of operations here is O(log n).
In particular, using O(log n) operations, one can permute x n , x 2 , . . . , x n−1 into a new heap. By a similar algorithm, also using O(log n) operations, one can permute
Notes. Heaps were published by Williams in [22] . Floyd in [5] pointed out an algorithm using O(n) operations to permute any sequence of length n into a new heap.
For some practical improvements in heap performance see [9, [10, page 152] . The reader can replace the heap in section 3 with any priority queue. Beware, however, that some "fast" priority queues are several times bigger and slower than heaps; see, for example, section 10 below. (y, a n , b) ; by induction y = p(a n ) + q(b) at this point. 3. Insert (p(a n+1 ) − p(a n ) + y, n + 1, b) into the heap if a n+1 exists.
Enumerating sums
Step 1 and step 3 can be combined into a single heap operation.
This algorithm takes time H 1+o(1) for initializations, plus H o(1) for each of the H 2 outputs, for a total of H 2+o (1) . There are at most H elements in the heap at any moment.
Refinements.
One can easily save half the heap operations if p = q: start with {(p(a n ) + p(a n ), n, a n )}; print (y, b, a n ) along with (y, a n , b) if a n = b.
One can speed up the manipulation of y, and in some cases save space, by storing p (a 2 ) − p(a 1 ), p(a 3 ) − p(a 2 ), . . . instead of p(a 2 ), p(a 3 ) , . . . .
One need not bother building tables of n → a n and n → p(a n ) if p is a sufficiently dull function. 
Generalizations. Given functions p, q, r, s from finite sets

Example: many equal sums of two positive cubes
The smallest integer that can be written in k ways as a sum of two cubes of positive integers is 1729 for k = 2; 87539319 for k = 3; 6963472309248 for k = 4; and 48988659276962496 for k = 5. There are no 6-way integers below 10
18 . (There are two other 5-way integers below 10
18 : 391909274215699968 = 8 · 48988659276962496 and 490593422681271000.)
This computation took 7.9 · 10 14 cycles on an UltraSPARC II-296.
Notes.
The answer for k = 3 was found by Leech in [14] . The answer for k = 4 was found by Rosenstiel, Dardis, and Rosenstiel in [17] . The answer for k = 5 was found by David W. Wilson in 1997 and independently by me in 1998. There is an answer for every k; see [19] for the best known bounds.
Example: many equal sums of two cubes
The smallest positive integer that can be written in k ways as a sum of two cubes is 91 for k = 2; 728 for k = 3; 2741256 for k = 4; 6017193 for k = 5; 1412774811 for k = 6; 11302198488 for k = 7; and 137513849003496 for k = 8. There are no 9-way integers below 2. Notes. The answers for k ∈ {5, 6, 7} were found by Randall Rathbun, according to [7, page 141] . The answer for k = 8 appears to be new.
Example: many equal sums of two coprime cubes
The smallest positive integer that can be written in k ways as a sum of two cubes of coprime integers is 91 for k = 2; 3367 for k = 3; 16776487 for k = 4; and 506433677359393 for k = 5. Each of these integers is squarefree. There are no 6-way integers below 2.5 · 10
17 . (There is one other 5-way integer, namely 137904678696613339.) I found these results during the computation described in section 6. A separate computation, skipping pairs (a, b) with a common factor, would have been somewhat faster.
Notes. The answer for k = 4 was found by Rathbun, according to [7, page 141] . The answer for k = 5 appears to be new.
Silverman proved in [18] that the number of pairs of integers (a, b) satisfying a 3 + b 3 = n is bounded by a particular function of the rank over Q of the elliptic curve x 3 + y 3 = n, if n is cubefree. It is not known how tight Silverman's bound is. Paul Vojta found that 15170835645 can be written in 3 ways as a sum of two cubes of coprime positive integers. 
Notes.
All the examples here were found by Ekl in [2] and [3] . However, Ekl needed 1.6 · 10 11 cycles on an HP PRISM-50 (and roughly 8900 kilobytes of memory) to find the first example. Presumably the main reason is that the priority queue in [2] and [3] was a balanced tree, whereas the priority queue here is a heap.
